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I n t r o d u c t i o n  

Since the ear ly  work of Besant and Rayleigh on the collapse of a vacuum bubble in an ideal liquid a great  
many investigations have been undertaken on cavitation and spherical  growth problems within the general  
f ramework  of problems related to the collapse of a spherical  bubble (see the surveys of Hsieh [1] and Zaba- 
bakhin [2]). The bulk of the r e sea rch  done on collapse of a bubble in a liquid has been of a theoret ical -analyt i -  
cal cha rac te r .  The experimental  investigation of bubble collapse problems is hampered by the difficulties of 
producing single spherical  bubbles in an effectively unbounded volume. Techniques are described in the l i te ra-  
ture for obtaining a single bubble in a liquid by means of e lectr ical  d ischarges ,  but the experimental  work of 
Gibson [3] shows that e lectr ical  d ischarge is impract ica l  for  obtaining a kinetic model of a spherical  bubble, 
due to the complexity of the ene rgy- re lease  p rocess  in the discharge gap and due to the presence of bounding 
surfaces ,  namely,  e lec t rodes ,  which automatical ly render  the boundary unstable and the bubble collapse pro-  
cess  asymmet r ica l .  

Consequently, at the present  epoch in bubble collapse r e s e a r c h  a cer tain rift  exists between theory and 
exper iment  and their  mutual corre la t ion.  A methodological breakthrough in r e sea rch  on cavitation problems 
has emerged in recent  years  with the advent of experimental  l a se r  techniques. For  example, by focusing a 
single l a se r  pulse in a liquid it is possible to generate  the conditions neces sa ry  for  testing of the theoretical  
calculations~ to obtain a single bubble in an effectively unbounded volume; to obtain n bubbles with p rede te r -  
mined relat ive phases of the pulsation periods and different relat ive maximum sizes;  and to real ize the unique 
conditions of interaction between a pulsating bubble and a rigid o r  free surface [4, 5]. 

E x p e r i m e n t a l  P r o c e d u r e  

Collapsing single bubbles are created in a liquid by focusing a single radiation pulse emitted by a ruby 
lase r  in water and in viscous liquids (Vaseline oil and glycerin);  single bubbles with radii up to 10 mm :e 
investigated. The bubble-collapse kinetics is investigated by shadowgraphic techniques in the f r a m e - b y - f r a m e  
and continuous modes,  using a high-speed c a m e r a  according to the procedure  described in [4]. 

The p ressu re  pulses f rom the collapsing bubble are measured  by means of bar ium titanate and natural 
tourmaline p r e s s u r e  pickups with a resolving power of 0.1 psec, according to the procedure  described in [6]. 
The pressure  pulses are recorded on an OK-17M oscil loscope with a h igh- res i s tance  preamplif ier .  

E x p e r i m e n t a l  R e s u l t s  

One of the preliminary indices of the collapse of a pulsating bubble is the energy loss characteristic of 
the bubble between successive pulsations; it is readily determined in practice by measuring the bubble pulsa- 
tion period. 

The following relation is valid for the case of a nonascending bubble at a constant external pressure in an 
unbounded liquid [7]: 

Er ~,(,~) . . . .  = (T~+,/TD ~, 
where E(r n) is the energy stored by the bubble in the n-th pulsation and T n is the period of the n-th pulsation, 
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TABLE 1 

Bubble- formation technique 

Detonation of chemical high 
..~.xplosiyes_in water [7] 
Electrical discharge in water 
Laser breakdown in water 
Laser breakdown in glycerin 
Laser breakdown in 
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Fig .  1 

Tab le  1 l i s t s  compara t ive  da ta  on the p a r a m e t e r s  c h a r a c t e r i z i n g  the r e l a t i v e  expendi ture  of  energy s tored  
by the bubble for  var ious  techniques of c rea t ing  pulsa t ing  bubbles .  

It is  c u s t o m a r i l y  assumed  in accordance  with [7] that the main  f rac t ion  of the energy E~ n) s to red  in a bub- 
b le  goes  fo r  the emis s ion  of acous t i c - shock  rad ia t ion  E~ n) and energy  input to the next pulsat ion E (n+ 1) 

r : 

The energy l o s s e s  q a r e  neg lec ted ,  so that i t  i s  no rma l ly  a s sumed  in p r a c t i c e  that the energy  d i f fe rence  
between two s u c c e s s i v e  pulsa t ions  c o r r e s p o n d s  to the energy  of acous t i c - shock  rad ia t ion  f rom the co l laps ing  

cavi ty .  

As noted in [4], however ,  the loss  of energy  f rom a pulsa t ing  bubble i s  a t t r ibu tab le  not only to acous t i c -  
shock rad ia t ion  f rom the cavi ty ,  but a lso  to a s y m m e t r i c a l  co l lapse ,  which causes  the bubble to d i s i n t eg ra t e  more  
r ap id ly  in subsequent  pu l sa t ions .  

E x p e r i m e n t s  w i t h  W a t e r  

To gain a m o r e  de ta i l ed  unders tanding  of the given p r o c e s s  and the re la t ionsh ip  of the p r e l i m i n a r y  da ta  
publ ished in [4] to the theore t ica l  inves t iga t ions  [8-10] we have m e a s u r e d  the p r e s s u r e  pu lses  f rom a col laps ing  
bubble in wa te r  in c o r r e l a t i o n  with mo t ion -p i c tu r e  s tud ies .  

Rep re sen t a t i ve  o s c i l l o g r a m s  of p r e s s u r e  pu l ses  f rom a co l laps ing  bubble in wate r  a re  given in Fig .  l a - c .  
F igu re  l a  c o r r e s p o n d s  to acous t i c - shock  rad ia t ion  f rom an a l m o s t - s y m m e t r i c a l l y  co l laps ing  bubble,  while 
Fig .  lb  and e r e p r e s e n t  s i tua t ions  in which a s y m m e t r i c a l  co l lapse  is  obse rved ,  the f o r m e r  for  a s y m m e t r y  in 
the fo rm of loss  of s t ab i l i ty  in the vicini ty  of min imum bubble s ize  and the l a t t e r  for  the case  of pronounced 
a s y m m e t r i c a l  co l lapse  of the bubble.  An example  of a s y m m e t r i c a l  bubble co l l apse  of this  type is given in the 
f i lm s t r i p  of F ig .  2, in which i t  is  seen that p r i o r  to the ins tan t  at which the bubble has minimum d i a m e t e r  cum-  
Ulative je ts  shoot through it  as a r e s u l t  of i t s  a s y m m e t r y  at the ins tant  of max imum d i a m e t e r .  This  kind of 
co l lapse  causes  the bubble to d i s i n t e g r a t e  r ap id ly .  

Qual i ta t ive  and quant i ta t ive  ana lyses  of the f i lm s t r i p s  and m e a s u r e d  p r e s s u r e  pulses  f rom a co l laps ing  
bubble show that in the case  of a s y m m e t r i c a l  co l l apse  t h e p r e s s u r e  pickup r e c o r d s  " p r e c u r s o r s , "  i . e . ,  p r e s s u r e  
pu lses  ( indicated by a r rows  in F ig .  lb  and c) that p r ecede  the main pulse emi t ted  by the bubble dur ing collapse~ 
When such p r e c u r s o r s  a re  p r e s e n t ,  the s lope  of the ampli tude r i s e  of the main p r e s s u r e  pulse is  observed  to 
d e c r e a s e  and the max imum value of the p r e s s u r e  ampli tude to d e c r e a s e  by m o r e  than 50% (for a r e l a t ive  m e a -  
s u r e m e n t  e r r o r  of • 7%). 

F i g u r e  3 g ives  the r e su l t s  of  m e a s u r e m e n t s  of the max imum p r e s s u r e  ampl i tudes  p r e c o r d e d  at a d i s t ance  
r = 1.5 cm f rom the breakdown cen te r  fo r  var ious  bubbles .  Recognizing that the given inves t iga t ion  includes  
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Fig. 3 

bubbles  that  devia te  f rom a s p h e r i c a l  configurat ion,  we adopt as the max imum bubble rad ius  (see Fig .  3) the 
quanti ty 1~ ca lcu la ted  in t e r m s  of the pulsat ion pe r iod  T i accord ing  to the Wil l i s  equation R 0 = (T1/1.83) x 
P 0 ~  which i s  va l id  fo r  s p h e r i c a l  bubbles  f rom l a s e r  breakdown within the e r r o r  l imi t s  (• 1%) of the m e a s u r e -  
ment  of R 0 and TI~ 

The r e s u l t s  can be approx imated  by the equation 

p = K(Ro/r)% 

in which p is  the max imum p r e s s u r e  in the wave (bar); 1~ is the maximum bubble rad ius ;  and r i s  the d i s tance  
�9 to the p r e s s u r e  m e a s u r e m e n t  point .  

F o r  the given expe r imen t s  we have a = 1.2 to 1o3o The d imens iona l  f ac to r  K l i es  between the l imi t s  90 
and 120 ba r ,  i . e . ,  fo r  the upper  l imi t s  of the ampl i tudes  co r re spond ing  to nea r ly  s y m m e t r i c a l  co l l apse ,  K = 120 
ba r .  F o r  the o s e i l l o g r a m s  without p r e c u r s o r s  we ca lcu la te  the acoust ic  energy rad ia ted  by the bubble in co l -  
l apse .  The ca lcu la t ions  a re  c a r r i e d  out accord ing  to the equation [7] 

70t 7{}2 
E~n) = 4nr~ 

t~  

J p (odt. ' ~ ,f p~(t) dt, 
4nr ~ 

0 0 

in which r is  the d i s tance  f rom the pickup; pc is  the wave impedance  of the liquid; and 0t, 02 a r e  the t ime 
cons tants  of the exponential  decay of the left  and r ight  b ranches  of the pu lse .  

The r e su l t s  of p r o c e s s i n g  <)sci l lograms without p r e c u r s o r s  show that t he  bubble r ad i a t e s  as sound on the 
average  75% (for an average  total m e a s u r e m e n t  e r r o r  of * 24%) of the s to red  energy  E(rn) = 4/37tRip 0 of the 
bubble.  

We p r o c e s s e d  some of the o s c i l l o g r a m s  with p r e c u r s o r s  only for  the main  pulse  co r re spond ing  to bubble 
co l l apse .  P r o c e s s i n g  of such o s c i l l o g r a m s  without cons ide ra t ion  fo r  the p r e c u r s o r  peaks  aga ins t  the background 
of the main pulse show that  the ene rgy  f rac t ion  a s soc ia t ed  with the main pulse d e c r e a s e s  on the ave rage  to 50% 
(for a m e a s u r e m e n t  e r r o r  of * 34%) r e l a t i ve  to the s to red  energy  E (n) in the bubble.  

r 

The pulses  f rom p r e c u r s o r s  a r e  ignored  due to the i n c r e a s i n g  e r r o r  of m e a s u r e m e n t  of p and 0, so we 
a re  unable to e s t ima te  with suff ic ient  accu racy  the energy rad ia ted  by the p r e c u r s o r s .  We can m e r e l y  point 
out that in some expe r imen t s  the p r e c u r s o r  ampli tude attaifis a lmos t  half  the ampli tude of the "at tenuated" main 
pulse  f rom a co l laps ing  bubble,  or  about one fourth of the pulse  ampli tude fo r  a s y m m e t r i c a l l y  col laps ing bubble.  

E x p e r i m e n t s  w i t h  V a s e l i n e  O i l  a n d  G l y c e r i n  

To de t e rmine  the ro le  of v i scos i ty  in the bubble co l lapse  p rob lem we have inves t iga ted  co l l apse  in  Vaseline 
oil  with a dens i ty  p = 0.868 g / c m  3 and v i s c o s i t y  v = 1.3 �9 103 eP at t ~ = 22~ and in g lyce r in  with a dens i ty  p = 
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Fig. 4 

1.26 g / e r a  3 m~d viscosi ty  v = 2 -103 c P  at 22~ using the same experimental  a r rangement  and conditions. The 
resul t s  of the osci l lographic measurements  show that the amplitude of pulses radiated in the collapse of a bub- 
ble in the given viscous liquids dec reases  by 1/5 to 1/8 relative to the values measured for water  (see Fig. 3). 
The qualitative s t ruc ture  of the pulses is close to that of the pulses f rom a symmet r i ca l ly  collapsing bubble in 
water .  P r e c u r s o r s  are  not observed in glycer in  and Vaseline Oil, despite the fact that conditions are created 
for  asymmetr ica l  collapse.  

Figure  ld gives a typical ose i l logram of a p r e s s u r e  pulse f rom a pulsating bubble in Vaseline off, and 
Fig. 4 gives a typical film str ip for  Vaseline oil, showing that loss of stability occurs  somewhere near  the in-  
stant of minimum bubble radius and the liquid retains this state until the maximum radius is attained by the 
bubble in the second pulsation, whereupon the bubble acquires a regu la r  sper ica l  shape and pulsates stably un- 
til all i ts  energy is lost. 

The observed pattern can be explained as follows. Loss  of stability on the par t  of a bubble collapsing in 
a viscous liquid can occur  as a resul t  of the reduction in viscosi ty over  the bubble boundary due to the increase  
in tempera ture  of the gas in the bubble in ter ior .  In expansion, on the other hand, the walls are cooled, the 
viscosi ty  inc reases ,  and the instabili t ies are eradicated by the viscosi ty effect. 

It follows f rom the osci l lographic and motion-picture  data that the pulsations are  r ecur ren t  and stable in 
viscous liquids. Consistent stabili ty of the pulsations is observed for  viscous liquids, i .e. ,  even if bubble asym- 
m e t r y  is c rea ted ,  it vanishes in the subsequent pulsation stages (see Fig~ 4), so that r ecu r ren t  stable pulsations 
are generated.  

The reason that p r e c u r s o r s  are not observed in viscous liquids c lear ly  lies in the considerably smal le r  
veloci t ies  of the cumulative jets ,  because p r e c u r s o r s  are the resul ts  of hydraulic impact  of the cumulative jets 
against the opposite wall of the bubble, with a local p r e s su re  at the impact  point PL = pcu/2 (u is the jet  velocity 
at impactL 

Despite the fact that the local impact  p r e s s u r e s  PL can attain the same orders  of magnitude (~ 103 bar) as 
in bubble collapse,  the acoustic emission f rom the impact source  is insignificant; indirect  est imates (based on 
the f ract ion of the main radiation f rom p r e c u r s o r s  and without p recursors )  indicate that it cannot exceed 1/4 of 
the bubble energy.  This fact explains why it  is methodologically difficult to record  the p r e c u r s o r  pa rame te r s  
in t e rms  of absolute values.  

D i s c u s s i o n  

The anomalous inc rease  in the p re s su re  amplitude in pulsations of a gas bubble near  a free surface is de- 
scr ibed in [7], but a definitive explanation of  the observed "peaks" in the pulsation osc i l lograms is not given. 
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Fig. 5 

Fig. 6 

It can be definitely concluded on the basis  of p resen t -day  notions [11] concerning the p rocesses  attending 
underwater  explosions near  a free surface and the resul ts  of our investigations that the "peaks" described in [7] 
and the " p r e c u r s o r s "  descr ibed here  have exactly the same uature,  i .e. ,  acoustic radiation f rom the impact  of 
cumulative jets against  the opposite wall of the bubble. Figure 5 shows a film str ip of an asymmet r ica l ly  c . l -  
lapsing bubble, where the a symmet ry  is determined by the interaction of the pulsating bubble with a free s u r -  
face [11]. The film c lear ly  exhibits the cumulative jet inside the bubble. Fo r  large  indentations, however,  the 
cumulative jet  is not as dist inctly observed,  because it appears at l a te r  stages of the collapse p rocess  (see 
Fig. 4). The bubble "senses"  a f ree sur face  and a rigid surface up to a distance 5R0, i .e. ,  if the bubble pulsates 
at a distance less than 5R 0 f rom a free o r  a rigid surface,  collapse a symmet ry  is witnessed. This considerat ion 
enables us to approximately determine the adequacy of the unbounded-volume assumption in set t ingup exper i -  
ments on the symmet r i ca l  eollapse of bubbles in a liquid. The la t te r  resul t  fur ther  conf i rms the conclusion 
that e lect r ical  d ischarge is totally impract ica l  fo r  investigations of spherical  collapse. Moreover,  as the exper i -  
ence of the present  investigations reveal ,  l a se r  breakdown in liquids makes it possible to real ize conditions 
sufficiently close to those of symmet r i ca l  collapse.  Figure 6 shows a film s t r ip  of symmetr ica l  collapse~ How- 
ever ,  the indicated adequacy of the unbounded-volume assumption is determined within the resolution limits of 
the fi lm (to 10 -2 cm) and the time resolution of the piezoelect r ic  t ransducers  (to 10 -7 see), so in principle the 
l inear  scale of the volume cannot be g r e a t e r  than 5R0~ It is important  to bear  in mind in this connection that 
a lmos t - symmet r i ca l  col lapse of a bubble in water? has a stat is t ical  cha rac t e r  insofar  as the stability of a bubble 
collapsing in water depends on a number  of other  additional factors  such as, for  example, the purity of the liquid 
and its gas content. Consequently, compar isons  with theoretical  studies of the pa ramete r s  of acoustic radiation 
f rom a collapsing spherical  bubble [8-10] mus t  be made according to the upper values of the pulsation p re s su re .  

F rom the water  experiments we obtain the dependence of the maximum wave p r e s s u r e s  p on the maximum 
bubble radius R 0 and the distance r f rom the measuremen t  point: 

P ----- 120(R0,ir) ''''~. (1) 

F rom the r e su l t s  of theoret ical  calculations [8, 9] for  a bubble with an initial maximum radius R 0 and initial 
p r e s s u r e  pg = 10 -3 arm in its in te r ior  we have 

p ~ 400(Ro/r ). (2) 
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The di f ference  between the resul t ing  dependences (1) and (2) is mainly  at tr ibutable to the difference in 
the "ini t ial"  p r e s s u r e s  of the gas  at  the m ax imum bubble rad ius ,  because ,  judging f rom the resu l t s  of an e s t i -  
mat ion  of the ra t io  ~? of convers ion  of bubble energy into acoust ic  radia t ion energy (7 =: Ep/Er ) ,  according to the 
da ta  of [9] we are  working in the in te rva l  of init ial  p r e s s u r e s  in the bubble f rom 10 -2 to i0 -3 arm. F u r t h e r m o r e ,  
according to the mot ion-p ic tu re  r e su l t s  we have de te rmined  the m a x i m u m  veloci t ies  of the bubble boundary in 
col lapse  (u = 530 m / s e c ,  M = u / e  = 0.33), which fall  within the in te rva l  of ag reemen t  ~ t h  the r e su l t s  of ca lcula-  
tions [9,10] based  on the convers ion  p a r a m e t e r  77 as a function of the max imum Mach number  M. 

The compara t ive  analys is  of theory and exper iment  leads to the conclusion that the theory  developed fo r  
inviscid liquids is  consis tent  with the p re sen t  expe r imen t s .  As a resu l t ,  the vapor  and gas p r e s s u r e  pg at tt{e 
m a x i m u m  bubble radius  R 0 in wa te r  for  the given exper imen t s  comes  to an ave rage  of 4 . 1 0  -3 arm. 

F o r  bubbles produced by l a s e r  breakdown in Vasel ine  oil and glycer in  the value of pL at R 0 is g r e a t e r  
than 10 -2 arm.  This  fact  is i n f e r r ed  f r o m  an approximate  es t ima te  of the convers ion  p a r a m e t e r  77 and the 
p a r a m e t e r s  of Table  1. A reduct ion in the v iscos i ty  by three  o rde r s  of magnitude does not yield an appreciable  
i n c r e a s e  in the p a r a m e t e r  ~?. The high gas  content i s  ezplained by the effect ive decomposi t ion of g lycer in  and 
Vasel ine  oil into gaseous  products  as a resu l t  of optical  breakdown.  The indicated s ingular i ty  prevents  one 
f r o m  clar i fying m o r e  defini t ively the role  of  v i scos i ty  with r ega rd  to the constitution of a bubble in a v i s c o u s  
liquid [2]. 

Taking into account the exper imenta l  da ta  and the r e su l t s  of [9] on the dependence of the p a r a m e t e r  71 on 
M and pg, it would s e e m  logical to adopt the p a r a m e t e r  V as an exper imen ta l  adequacy c r i t e r ion  for  the unbound- 
edness  of spher ica l  growth [2] fo r  bubbles in a liquid. Unbounded growth can be approached as 77--1 (M - ~ ) ,  
while fo r  ~? < 1 spher ica l  growth is precluded by the v iscosi ty  of the liquid, the gas content of the bubble, and 
ins tab i l i t i es .  

The sensibi l i ty  of tes t ing exper imenta l ly  the unboundedness of spher ica l  growth of bubbles according to 
the c r i t e r ion  V is  governed by the complexi ty  of record ing  by optical  f i lm techniques the veloci ty  of the bubble 
boundary in the vicini ty of a s ingular i ty  due to diffract ion effects  induced by the attendant acous t ic -shock  rad ia -  
tion. We s u m m a r i z e  with the following conclus ions .  

1~ It has  been shown in the example  of bubble col lapse  f r o m  l a s e r  breakdown in liquids that the method 
of genera t ing  col lapsing bubbles by means  of l a s e r  breakdown in liquids is  m o r e  sophis t icated than the e lec-  
t r i ca l  d i scharge  method.  

2. The observed s ingular i t ies  in the spec t rum of acous t ic - shock  radiat ion f rom a collapsing bubble a re  
a t t r ibutable  to bubble col lapse  a s y m m e t r y .  A s y m m e t r i c a l  and unstable  bubble col lapse  lower the acoustic 
radia t ion ampl i tudes .  

3. It has  been shown that the v i scos i ty  of the liquid can e rad ica te  instabi l i ty  at the boundary of a co l laps-  
ing bubble, producing s table  r e c u r r e n t  bubble pulsat ions .  Viscosi ty  s ignif icant ly lowers  the acoust ic  radiat ion 
ampli tudes  associa ted  with a col lapsing bubble. 

4. F o r  a suff icient ly s y m m e t r i c a l l y  col lapsing bubble in wa te r  the exper imenta l  resulLs a re  consis tent  
with the theore t ica l  developments  of [8-10]. The ra t io  of convers ion  of bubble energy  into acoust ic  radia t ion 
energy attains 90% in the case  of the exper imenta l  data  for  water .  

5. It  follows f r o m  the stated c r i t e r i on  of boundedness of spher ica l  growth and the foregoing exper imenta l  
r e su l t s  that unbounded spher ica l  growth is  l a rge ly  precluded by the gas  content of the bubble and instabi l i ty of  
the bubble boundary in the vicinity of a s ingular i ty .  

The author is indebted to A. A. Buzukov, V~ K~ Kedrinski i ,  and V .  E~ Nakoryakov for  worthwhile d i scus -  
si ons ~ 
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O N E - D I M E N S I O N A L  F L O W S  A N D  I S O M A G N E T I C  S H O C K  W A V E S  

IN A M A G N E T I Z E D  C O N D U C T I N G  M E D I U M  

G.  A .  S h a p o s h n i k o v a  UDC538.4  

w Consider  the one-d imens ional  flow of an ideal ly conducting gas  containing no space  charge ,  which 
moves  in a cu r r en t  tube in an e l ec t romagne t i c  field; the g a s  i s  inviscid and of ze ro  t h e r m a l  conductivi ty.  F o r  
s impl ic i ty ,  we a s sume  that the e lec t r i c  f ield E and magnet ic  field H a re  mutual ly  perpendicu la r  and l ie in a 
plane pe rpend icu la r  to the d i rec t ion  of motion.  The equations fo r  the flow take the following f o r m  [1, 2]; 

pu = m = eonst; (1.1) 

/- /  

d~ dp t - -  -~- - -  P T,R) H d H  @ ~a ~ '  p u ~  + ~--; = 7 / B  , t,t �9 (1.2) 

[ i (  ) ] dr du~ d i Ott /Ot, t ~ ~ (1.3) 

vmdH/dx -= uB - - c E ,  p = t lpT ,  B = tjH, ] = (~(E - - u B / c ) ,  (1.4) 
dE/dx = 0, 

where  the symbols  a re  those commonly  employed,  with v m = c2/4rrcr the magnet ic  viscosi ty;  the magnet ic  su s -  
cept ibi l i ty  is defined by  Langevin ' s  fo rmula  [3]: 

L t = I @ (4~mHp/MH)(cth~ p - - l @ ) ,  ~ = mHH/kT ,  (1.5) 

where  m H and M are  the magnet ic  moment  and m a s s  of one molecule  of the perfec t  gas .  Then (1.5) gives 
(1.2) and (1.3) the f o r m  

pudu/dx 47 dp/dx = (1 'c)~(E - -  uB/c)B § (t '4a)(tt --  t)HdH/dx; (1.6) 

pu(GflT/dx + udu/dx) - -  pu( d/dx)[(k T/M)(~-cth~ - -  1)] =~(E --  uB 'c)E. (1.7) 

The  method of [4] g ives  us  exp re s s ions  fo r  the changes in speed and Mach number  M along the cur ren t  tube in 
t e r m s  of the flow p a r a m e t e r s  f rom (1.1), (1.4), (1.7), and the f i r s t  two equations in (1.6): 

Moscow. T rans l a t ed  f r o m  Zhurnal  Pr ikladnoi  MekhaniM i Tekhnicheskoi  Fiziki ,  No. 4, pp. 117-121, 
Ju ly-Augus t ,  1976. Original a r t i c le  submit ted  Ju ly  22, 1975. 
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